Abstract. We establish a type of positive energy theorem for asymptotically anti-de Sitter Einstein-Maxwell initial data sets by using Witten's spinoral techniques.
Introduction
As a fundamental result in general relativity, the positive mass theorem states that an isolated gravitational system satisfying the dominant energy condition must have nonnegative total mass. Schoen and Yau first gave a rigorous proof of this theorem for asymptotically flat initial data sets [13, 14, 15] . Soon later, Witten provided a different proof by using spinoral techniques [19] . Parker and Taubes gave a rigorous proof of the theorem based on Witten's method [12] . Later on, Gibbons and Hull successfully generalized Witten's argument to asymptotically flat initial data sets with electromagnetic fields [9] . Gibbons, Hawking, Horowitz and Perry discussed the positive energy theorems for asymptotically flat initial data sets with black holes [8] .
For certain spacetimes with nonzero cosmological constant, the positive energy theorem should also be true. Wang [17] and Chruściel and Herzlich [6] gave the definition of the mass for asymptotically hyperbolic manifolds in the time symmetric case and the proof of its positivity respectively. Soon after that, for initial data sets with nonzero second fundamental form, Maerten [11] and Chruściel, Maerten and Tod [7] established corresponding positive energy theorems, which gave the upper bounds for angular momentum and center of mass. They assumed that the energy-momentum vector m (µ) was timelike and m i (i = 1, 2, 3) may be zero after an asymptotic isometry. Recently, the first author, Xie and Zhang [18] considered the general case and established corresponding positive energy theorem for the initial data sets asymptotic to the anti-de Sitter spacetime in polar coordinates g AdS = − cosh 2 (κr)dt 2 + dr 2 + sinh 2 (κr)
where −∞ < t < ∞, 0 < r < ∞, 0 ≤ θ < π , 0 ≤ ψ < 2π.
We also refer to [1] and [3] for physical discussions.
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This paper aims at generalizing the results in [18] to asymptotically antide Sitter spacetimes with electromagnetic fields. Similar to [18] , we generalize Witten's spinoral method to a type of asymptotically anti-de Sitter spacetimes with electromagnetic fields. We provide a rigorous proof of the Poincaré inequality which ensures the existence and uniqueness of the solution for the Dirac-Witten equation. Similar to [9] , we give a lower bound of the total energy in terms of the new quantities we define. This paper is organized as follows: In Section 2, we give the explicit form of imaginary Killing spinors along time slices in the anti-de Sitter spacetime. These results are contained in [18] . We write them down here just for completeness. In Section 3, we give the definition of total energy, total momenta, total electric charge, and total magnetic momenta for asymptotically anti-de Sitter Einstein-Maxwell initial data sets. In Section 4, we derive the Weitzenböck formula and prove the existence and uniqueness of the solution for the Dirac-Witten equation. In Section 5, we prove our positive energy theorem for asymptotically anti-de Sitter Einstein-Maxwell initial data sets and discuss the case with black holes. A new positive energy theorem for asymptotically anti-de Sitter initial data sets is established also. Finally, in Section 6, we present our calculations for the Kerr-Newman-AdS spacetime.
The anti-de Sitter spacetime
The anti-de Sitter (AdS) spacetime (1.1) with negative cosmological constant Λ = −3κ 2 < 0, denoted by (N, g AdS ), is a static spherically symmetric solution of the vacuum Einstein equations. The t-slice (H 3 ,g) is the hyperbolic 3-space with constant sectional curvature −κ 2 , where κ > 0.
Let the associated orthonormal frame bȇ
and denoteȇ α as its dual coframe.
For the following application, we fix the following Clifford representation throughout this paper:
Here λ 1 , λ 2 , λ 3 , and λ 4 are arbitrary complex numbers.
Definitions
Suppose that (N, g) is a Lorentzian manifold with the metric g of signature (−1, 1, 1, 1) satisfying the Einstein field equations
where Ric, R are the Ricci and scalar curvatures of g respectively, T is the energy-momentum tensor of matter, and Λ is the cosmological constant. Let M be a 3-dimensional spacelike hypersurface in N with the induced metric g and p be the second fundamental form of M in N . E and B are two vector fields on M , representing the electric and magnetic fields respectively. The set (M, g, p, E, B) is called an Einstein-Maxwell initial data set. In this paper, we will focus on the following type Einstein-Maxwell initial data set.
, where B r is the closed ball of radius r with center at the coordinate origin;
|E|g =O(e −2κr ), |B|g = O(e −2κr ),
where∇ is the Levi-Civita connection with respect to the hyperbolic metric g and a is independent of r;
, and there is a distance function ρ z such that T 00 e κρz , T 0i e κρz ∈ L 1 (M ).
Remark 3.1.
(1) For simplicity, we just assume that the initial data set has only one end. The case of multi-ends is similar.
(2) For the initial data set (M, g, p, E, B) above, one may get another initial data set (M, g, p, E ′ , B ′ ) by duality rotation [16] , with the same energy-momentum tensor contributed by electromagnetic filed and
) and B ′1 = O(e −3κr ) on the end. Hence we may assume the original initial data set has the property
To get our definitions, recall that the AdS spacetime is just the hyperboloid {η αβ y α y β = 3 Λ } of R 3,2 with the metric
The ten Killing vectors
generate rotations for R 3,2 . By restricting these vectors to the hyperboloid {η αβ y α y β = 3 Λ } with the induced metric, the Killing vectors of AdS spacetime can be derived, denoted as U αβ also. See appendix for the explicit form of U αβ along the 0-slice.
. Then we can define the following quantities for the asymptotically AdS Einstein-Maxwell initial data set. Definition 3.2. For the asymptotically AdS Einstein-Maxwell initial data set, the total energy is defined as
40ω , the total momenta are defined as
the total electric charge is defined as
and the total magnetic momentum is defined as
Remark 3.2. For Reissner-Nordström AdS spacetime with the metric
and the field strength tensor F = − Q r 2 dt ∧ dr, the total electric charge q is just Q.
The Weitzenböck formula and the Dirac-Witten equation
Let (N, g) be a spacetime with the metric g of signature (−1, 1, 1, 1) and (M, g, p, E, B) be an asymptotically AdS Einstein-Maxwell initial data set of N . As M is spin, we can choose a spin structure, and thus a spinor bundle S over M . This is the same as in [12] . Denote ∇, ∇ the LeviCivita connections with respect to g, g respectively, and their lifts to the spinor bundle S. There is a positive definite Hermitian metric ·, · on S, with respect to which e i is skew-Hermitian and e 0 is Hermitian [12, 22, 21] . Furthermore, ∇ is compatible with ·, · , but ∇ is not.
For a fixed point x ∈ M , we choose a suitable local orthonormal basis e 0 , e 1 , e 2 , e 3 , with ∇ e i e j (x) = 0 for i, j = 1, 2, 3 and ∇ e 0 e j (x) = 0 for j = 1, 2, 3, then
where p ij = g( ∇ e i e 0 , e j ) is the component of the second fundamental form. Denote {e α } as the dual coframe of {e α }. The two connections on the spinor bundle S are related by
We define the imaginary Einstein-Maxwell connection as
and define the associated Dirac-Witten operator as
. Then the adjoints of this two operators with respect to ·, · are
Now we derive the Weitzenböck formulas for D and D * .
Theorem 4.1.
where
Proof: By straightforward computation, we have
Note that
Combining (4.2) and (4.3), we have
This proves the first formula in (4.1). The second formula is proved similarly. Q.E.D.
Remark 4.1. If κ = 0, the formulas in (4.1) are reduced to the Weitzenböck formulas for the asymptotically flat Einstein-Maxwell initial data set [9] .
And if E = B = 0, the formulas in (4.1) are the same as the formulas for asymptotically AdS spacetimes [20, 17] .
The modified dominant energy condition we impose to prove the positive energy theorem is In order to calculate the boundary term of the Weitzenböck formula, we will define a new connection and see the difference of two connections on the spinor bundle. Most of the results presented here are due to the work in [2, 23, 20] . These are written down here just for completeness. Recall that g =g + a with a = O(e −τ κr ),∇a = O(e −τ κr ),∇∇a = O(e −τ κr ). Orthonormalizingȇ i yields
This provides a gauge transformation
(and in addition e 0 → e 0 ) which identifies also the corresponding spinor bundles.
A new connection is introduced by ∇ = A •∇ • A −1 . Then we have
for all φ ∈ Γ(S).
We can extend the imaginary Killing spinors Φ 0 in (2.4) on the end to the whole M smoothly. Then corresponding to g we may get the spinors
2 κX·, then
For any compact set K ⊂ M , denote H 1 (K, S) as the completion of smooth sections of S| K with respect to the norm
And let H 1 (M, S) be the completion of compact supported smooth sections C ∞ 0 (S) with respect to the norm
Then H 1 (K, S) and H 1 (M, S) are Hilbert spaces. Furthermore, we have the following Poincaré inequality.
There is a constant C > 0 such that
for all φ ∈ H 1 (M, S).
Proof: As C ∞ 0 (S) is dense in H 1 (M, S), we just need to prove the inequality for φ ∈ C ∞ 0 (S). The required inequality is then obtained by continuity. Separate M into two parts K and M \ K, where K is a compact set and M \ K is the end. Then for any φ ∈ C ∞ 0 (S),
where C is a positive constant. The inequality is obtained by contradiction as follows. Suppose it is not the case, then for any n ∈ N, there exists
Hence {φ n } is bounded in H 1 (K, S), and there is a subsequence, still denoted by {φ n }, converging to some φ ∞ ∈ H 1 (K, S) weakly in H 1 (K, S). Then
By the Rellich theorem, there is a subsequence, still denoted by {φ n }, con-
and
by the interior regularity of Dirac-type equation [4] . Under the asymptotical condition (3.2), the volume element dV g on M ∞ = M \ K is equivalent to dµ = e 2κr drdΘ, where dΘ is the unit volume element on S 2 (1). We just need to prove corresponding inequality for the new volume element.
Choosing ǫ small enough and R 0 large enough gives
for some constants C 1 > 0, C 2 > 0. Combining (4.8) and (4.9), we get the desired Poincaré inequality. Q.E.D.
Lemma 4.2 has the following useful corollary.
Corollary 4.1. M | ∇φ| 2 dV g is an equivalent norm for H 1 (M, S).
To prove the main result, we shall prove the following key existence and uniqueness theorem for the Dirac-Witten equation. , then there exists a unique spinor
where Φ 0 is the imaginary Killing spinor defined by (2.2).
Proof:
We follow the arguments of [24, 20] 
By the definition of Φ 0 , we have
The expressions (2.2), (3.2), (4.5) and (4.6) imply that ∇Φ 0 ∈ L 2 (M, S) and then DΦ 0 ∈ L 2 (M, S), thus F (·) is a bounded linear functional on H 1 (M, S).
By the Lax-Milgram theorem, there is a unique Φ 1 ∈ H 1 (M, S) satisfying 
By the Clifford representation (2.1) and the explicit form (2.2) of Φ 0 , the boundary term is equal to
The nonnegativity of the Hermitian matrix Q can be seen from the integrated form of the Weitzenböck formula (5.1) and the dominant energy condition (4.4) . Denote
When we consider the asymptotically AdS initial data set, we can obtain the nonnegative Hermitian matrix Q above with q = b = 0. For this case, we have the following theorem.
Theorem 5.1. Let (M, g, h) be a 3-dimensional asymptotically AdS initial data set of the spacetime (N, g) which satisfies the dominant energy condition. Then we have
Proof: Since the Hermitian matrix Q is nonnegative, all the principal minors of Q are nonnegative. From the nonnegativity of the first-order and second-order principal minors of the matrix Q, one finds E 0 ≥ |c| and
The sum of the third-order principal minors implies that
If E 0 > 0, then one has Direct computation shows that
The inequality (5.3) implies
2 ≥ −2E 0 |c| + 2|c ′ × J and the inequality follows immediately.
Q.E.D.
. Here we remove the assumption that m (µ) is timelike in [7] .
Theorem 5.2. Let (M, g, p, E, B) be a 3-dimensional asymptotically AdS Einstein-Maxwell initial data set of the spacetime (N, g) which satisfies the modified dominant energy condition (4.4). Then the nonnegativity of the Hermitian matrix Q implies the following inequality:
Proof: The nonnegativity of the first-order principal minors ensures E 0 ≥ 0. And from the nonnegativity of the second-order principal minors, one finds
The sum of the third-order principal minors is given, up to a positive constant, by
Using the Cauchy inequality, one derives
If E 0 > 0, one finds
When E 0 = 0, the inequality (5.4), together with the inequality (5.5), shows that Q = 0. In this case the inequality (5.6) becomes trivial. Similarly, we have
Therefore,
This implies
if E 0 > 0. When E 0 = 0, this inequality can be derived by (5.4) and (5.5).
The determinant of the matrix Q is
By (5.7), one obtains
Using (5.8), we get
The inequality follows immediately. Q.E.D. 
If we take e 3 as the outer unit normal of Σ in M and take the boundary conditon e 0 · e 3 · φ = ±φ on Σ 
Kerr-Newman-AdS case
In this section, we will calculate our definitions for time slices in the Kerr-Newman-AdS spacetime [5] .
For Kerr-Newman-AdS spacetime, the metric in the Boyer-Lindquist coordinates (t,r,θ,φ) is Similar to the process in [10] , after the coordinate transformations t =t, ϕ =φ + κ 2 at, sinh(κr) cos θ = κr cosθ, √ Σ sinh(κr) sin θ = κ r 2 + a 2 sinθ, the Kerr-Newman-AdS metric can be written as 
